Over the last three decades many computational thermostats have been developed to model Gibbs' canonical ( as opposed to microcanonical ) distributions with molecular dynamics. The first single-thermostat attempts were unable to model Gibbs' Gaussian phase-space distribution for a canonical harmonic oscillator. But by adding a second thermostat variable to the equations of motion several groups developed ergodic thermostats which reproduced Gibbs' Gaussian distributions, not only for the oscillator, but also for the thermostat variables. A variety of tests were developed and applied in connection with the 2014 Snook Prize to establish the ergodicity of computational thermostats. Because Sergi and Ferrario put forward a singly-thermostated model as ergodic for the oscillator we applied our tests to their model. Though many of the special cases we tried were tantalizingly close, in the end every one of hundreds of test-case solutions of the Sergi-Ferrario models was not ergodic. Two natural generalizations of their work also failed our ergodicity tests. The nonergodic oscillator measure can readily be reduced to about one part in a trillion.
of the solutions increase rapidly as the thermostat response time τ is reduced. In addition to equilibrium applications analogous motion equations can be used to thermostat irreversible nonequilibrium simulations such as steady shear and heat flows. The harmonic oscillator can generate steady-state heat flow problems if the temperature varies in space 5, 6 : 1 − ǫ < T = T (q) = 1 + ǫ tanh(q) < 1 + ǫ .
Somewhat paradoxically, the Nosé-Hoover motion equations as well as all the others we consider here are time-reversible, even away from equilibrium. That is, any time-ordered sequence of (q, p, ζ) points can be reversed either by [ 1 ] changing the sign of dt in the integrator, or [ 2 ] by changing the signs of the (p, ζ) variables. The harmonic oscillator equations also have mirror symmetry. Changing the signs (+q, +p) ←→ (−q, −p) gives an additional pairing of solutions.
For the equilibrium harmonic oscillator it is easy to use the phase-space continuity equation to show that the Gaussian distribution is the global stationary solution of the motion equations for the trajectory r(t) = (q, p, ζ) t :
v =ṙ = (q,ṗ,ζ) −→ (∂f /∂t) = −∇ r · (f v) ≡ 0 −→ f (q, p, ζ) ∝ e −q 2 /2T e −p 2 /2T e −ζ 2 τ 2 /2T , On the other hand, numerical work gives two kinds of solutions, either quasi-periodic tori or a single chaotic, Lyapunov-unstable sea. The solution type depends upon the initial conditions, the temperature T , and the response time τ . No single trajectory generated by the Nosé-Hoover oscillator equations can fill the whole (q, p, ζ) space. Thus the singlythermostated oscillator equations are not "ergodic", so that Gibbs' statistical mechanics is unable to describe the oscillator's properties. For the next 15 years, which included many failed attempts, no singly-thermostated oscillator models were found to be ergodic.
II. ERGODICITY IS TYPICALLY ABSENT IN THE SF MODEL
In 2001 Sergi and Ferrario announced that they had found the first ergodic singlythermostated oscillator model 7 . In addition to the oscillator coordinate, momentum, and thermostat variable (q, p, ζ) their model : Sergi and Ferrario claimed that their three oscillator equations 7 were ergodic ( filling out the entire three-dimensional Gaussian distribution ) for ν > 0.5 . That surprising claim sparked the present work. To begin our exploration of their model we carried out a simulation of the SF equations with the temperature T and parameter ν both equal to unity and with the initial conditions (q, p, ζ) = (1, 1, 1) . Figure 1 shows the resulting torus, colored according to the local flow instability. Evidently this special case of the SF model is definitely not ergodic.
Rather than abandoning the SF approach we looked for modifications that might be ergodic. Changing the parameter ν from 1 to 2 or 3 or 4 or 5 or 6 and applying due diligence led in each case to the discovery of nested tori. Typically the tori penetrate the plane ζ = 0 in four widely-separated distinct places. is colored according to the local value of the largest of the three Lyapunov exponents, λ 1 (t).
We denote the long-time average value of this exponent by λ 1 ≡ λ 1 (t) .
Holes in the chaotic sea are most easily found visually. Then, zooming in on such a hole section of the torus shown in Figure 1 . The four tiny holes corresponding to ν = 3 are too small to see without zooming in. Some of the details of these investigations are described in what follows, along with a concluding Summary and Advice section.
III. LYAPUNOV INSTABILITY AND GAUSSIAN MOMENTS
The largest time-averaged Lyapunov exponent λ 1 measures the exponential tendency for two nearby chaotic trajectories to separate, δ(t) ≃ δ(0)e +λt . The local value λ 1 (t) exhibits fluctuations, even in the regular toroidal regions where the long-time average, λ 1 , is zero.
λ 1 is positive in the chaotic sea. It is a measure of the chaos there. For online viewing we have included the local values with color, ranging from blue to red as the exponent increases.
For the model of Figure 1 the long-time-averaged exponent is equal to zero, as expected for a two-dimensional torus in a three-dimensional space. Simulations with ν = 2, 3, 4, 5, 6
looked much more promising, as they all generated "fuzzy balls" in (q, p, ζ) space.
We next investigated the ergodicity of these fuzzy balls by measuring the time-averaged
For every value of ν , using a spacing of 0.05 with 0 < ν ≤ 6 , we found small but significant deviations from the canonical values of { (1, 3, 15, 1, 3, 15) }.
These deviations led us to a topological investigation of the distributions f (q, p, ζ) . We carried out visual inspections of zero-ζ cross sections like those shown in Figure 2 . For values of ν both smaller and larger than the borderline value ν = 0.5 put forward by Sergi and Ferrario, the sections all revealed well-defined "holes". The "holes" that can be seen in the Figure correspond to toroidal solutions which penetrate the surrounding chaotic sea.
Figures 3 and 4, corresponding to ν = +3 and ν = +2.9 respectively, reveal triangular regions enclosing nested tori. These tori are a clear proof of nonergodicity. The reversibility of the motion equations suggests that changing the signs of (ν, p, ζ) in the initial conditions will simply reverse the trajectories. Numerical work, using fourth-order, fifth-order, and adaptive Runge-Kutta integrators bears that expectation out. The rotation of the triangle seen in the closeups ( with linear zooms of factors of ten and one hundred ) from longest-side-"up" to longest-side-"down" suggests a singular region in between, which further investigation locates near ν = +2.903521 .
It appears that the tori shrink to a single periodic orbit at this value of ν before enlarging again as ν increases further. The periodic orbit is shown in Figure 5 . A zoom into this region by a factor of ten million places an upper limit of 3 ×10 −8 on the size of the thin torus that presumably surrounds the periodic orbit. The limiting torus has a winding number of (1/3), which means that the orbit rotates through an angle (2π/3) the short way around the torus for each time around the long way. Since the periodic orbit is a neutrally stable fixed point in the Poincaré section, it is surrounded by a region that very slowly fills in by orbits approaching from the chaotic sea that spend a long time in its vicinity, an example of which is evident in Figure 4 . Thus it appears that at this singular value of ν the system may be ergodic but only after an infinite time. −ζp 3 or −ζ 3 p best promote chaos [8] [9] [10] . Accordingly, we modified the Sergi and Ferrario equations to include a cubic ( rather than linear ) dependence on the friction coefficient :
We also followed References 8-10 by considering a quadratic version with ζ 3 → ζ|ζ| . The reader can check to confirm that these equations for the flow velocity still satisfy the stationary phase-space flow equation , (∂f /∂t) = 0 = −∇ · (f v) . Here v = (q,ṗ,ζ) is the three-dimensional flow velocity in (qpζ) space. The probability densities for the quadratic and cubic generalized friction coefficients ζ vary as e −ζ 2 /2 and e −| ζ | 3 /3 .
IV. TWO-THERMOSTAT HARMONIC OSCILLATOR MODELS
Beginning about 1990 two-thermostat models were developed, mostly based on controlling pairs of moments [8] [9] [10] [11] [12] . Applications established the mathematical consistency of such models with Gibbs' canonical distributions, with barrier-crossing problems, and with Brownian motion problems. The Ju-Bulgac, Martyna-Klein-Tuckerman, and Hoover-Holian models all generated the canonical distribution. The controversial ergodicity of the MKT oscillator was investigated, and confirmed with particular care, as the 2014 Snook Prize problem 13, 14 .
Rather than formulating two controls over the potential or kinetic energy this MKT "chain" model used a second thermostat variable ξ to thermalize the fluctuations of the first, ζ 2 :
In 2014 Patra and Bhattacharya discovered that the doubly-thermostated oscillator equations ,
were not ergodic 15 . By coincidence Sergi and Ezra had already found this same result in 2010 16 . We discovered this by noticing that their Figure 2 looked identical to Patra and Bhattacharya's Figures 2c and 2d in Reference 15. The key to understanding ergodicity and its lack in these simple oscillator systems lies in distinguishing two qualitatively different types of "holes" in the cross sections of the flow. We turn to that next.
V. HOLES IN THE SINGLY-THERMOSTATED CROSS SECTIONS
The holes found here in the cross sections are reminiscent of those found recently by Patra and Bhattacharya 13 . They investigated the two unstable fixed points of generated by the 
VI. SUMMARY AND ADVICE
Three families of singly-thermostated oscillators, with linear, quadratic, and cubic friction, were formulated to obey Gibbs' canonical distribution for an oscillator. All provided chaos but none was ergodic. In the linear case it is possible that there is a ergodic solution in the vicinity of ν = 2.903521 . We can place an upper limit, ≃ 10 −16 , on the nonergodic measure there. In every case we examined ( with independent calculations in India, Nevada, and Wisconsin ) the cross sections revealed mixed solutions, holes containing nested tori embedded in a chaotic Gaussian sea. Figure 5 shows such a stable torus.
This situation bears a qualitative resemblance to solutions of the original Nosé-Hoover oscillator. Visualization and the local values of the largest Lyapunov exponent are the two most valuable tools for distinguishing the two solution types. To evaluate the local exponent λ 1 (t) requires both a "reference" trajectory and a nearby "satellite". This increases the computer time required by only a factor of two. It is convenient to rescale the separation between the two similar trajectories ( by displacing the satellite toward the reference ) 17, 18 at every timestep so as to determine λ 1 (t) . A particularly fascinating aspect of the fully time-reversible Sergi-Ferrario model is the symmetry breaking illustrated in Figure 6 . The forward structure of the flow's Lyapunov instability is much more complex than the totally different backward structure despite the fact that any trajectory obeying the SF motion equations can be followed just as well backward as forward. This "Arrow of Time" asymmetry of the largest Lyapunov exponent λ 1 (t) for a simple fully time-reversible flow deserves further study.
We recommend the challenge of searching for an ergodic three-dimensional oscillator model. In pursuing this elusive goal it is highly desirable to maintain the conventional relation between the coordinate and the velocity,q = p . It is also desirable to resist such 
